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‘A“S~pL~I~ -OD OFELASTIC-STABILITY

ANALYSISFORTHINCYLINDRICAL

I- DONNELLtS EQUATION

By S.B. Batdorf

SUMMARY

SHELLS

Theequationfortheequilibriumof cylindrical ‘“
shellsj.ntroducedby DonnellinNACAReportNo.479to
find”thecriticalstressesof cylindersin torsionis
appliedto ftndcfiiticalstressesforcylinderswith
simplysupportededgesunderotherIoadiz@conditions.
It”isshownthatby thismethodsolutionsmaybe obt&ined
veryeasilyandtheresultsin eachcasemaybe expressed
in tetisof twonondimensionalparameters>onedependent
on thecriticalstre,ssandtheotheressentiallyf!eter-
minedby thegeometryof,thecyllnder.Theinfluenceof
boundaryconditionsrelatedto eGgedisplacementsin the
shellmediansurfaceISdiscussed.Theaccuracyof the
solutionsfoundis establishedby com~arin~themwith . .
previous

The
buckling
basisof
formfor

The

theoreticalsolutions&d wi;hte;tresults. ‘“

solutionsto a numberofproblemsconcernedwith ;
of cylinderswzthsimplysupportededges.onthe
a unifiedviewpointaropresentedin a convoni,ent
practicaluse.- .

.-

INTROIXJCTTON.
.

recentemphasison aircraftdesimnedforverv “
speedhasresfiltedin a trendtoward-tbtckersk~~high

andfe~verstlffeni,ng“elements.As a resultof this -
trend,a largerfractionof:the,20adisbeingcarriedby
thesk5nandthusabiiityto pre65,ctaccuratelythe. .
behaviorof theskinunderloadhesbecomemore$mpor-
tant. Accordingly,it wasconsi.@reddesirabletopro-
videthedesignerw~thmoreinformationon “thebuckling

..

.-

—
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of.curvedsheetthanhasbeenavailablein thepast. In
carryingout-a theoreticalresearchprogramforthispur-
pose,a methodof analysiswasdevelopedwhichisbelieved
tobe simpler-to’applythanthosegenerallyappearingin
theliterature.The,specific.groblemssolvedas a part
of thisresearchprogram.aretreatedindetailinother
papers.Thepurposeof.thepresent-investigation,whichis
discussedin twopapers~istopresentthemethodof analysis
thatwasdevelopedto solvetheseproblems.Tn.thepresent
paperthemethodisbrieflyoutlinedandappliedb a number
of thesimplerproblemin thebucklingof cylindrical
sh6l~S. In reference1 themethodis generalizedfor
applicationtomorecomplicat-e”dproblems.

.—
●

—

—

THEORETICALBAC~ROUND

Inmosttheoreticaltreatmentsof thebucklingof
cylindricalshells(seereferences2 to 4) threesimul-
taneouspa~tialdifferentialequationshavebeenusedLo
expresstherelat~onshipbetweenthecomponentof shell
median-surfacedisplacementu, v, and w in the
axial,circumferential,andradialdirections,rospec-
tlvely. No generalagreementhasbeenreached,however,
on just-whattheseequationssh~uldbe. In1934Donnell
(reference5) pointedoutthatthedifferences”in the
varioussetsof equationsaro,sefvomtheinclusionor
omissionof a numberof r-el.ati.velyunimportantterms
(referrGdto in thepresentpaperas higher-orderterms),
andproposedtheuseof simplerequationsinwhfchonly
themost-essentialterms(first-orderterms)wereretained.
Theomitted“termswereshowntobe small,andthus,the
simplifiedequationstobe applicable,if thecylinders
havethinwallsandif thesquareof thonumber-ofcir-
cumferentialwavesis largecom.pared”withunity,Donnell
furthershowedthatthethreesimplifiedequationscan
be transformedintoa singleeighth-orderpartialdif-
ferentialequationin w (SCQQppcndixA of thepresent
paper)inwhichtheeffectsof thodisplacementsu
and v aroproperlytakenintoaccount;thiscquatz!.on
willhereinafterb-ereferredto as Don.nGll?sequation.

Whenhigher-orderteriisaroinclude’din thethrco 4
partialdifftirentialequationspreviouslymentioned,th6
resultingthaorcticalbucklingstressesareusuallyvery
complicatedfunctions”ofthecylinderdimenstinsandtho R

%

r .
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elasticpropertiesof thematerial.,A familyof curves
is ordinarilydrawngivingthecriticalstressas a
functionof thelength-dtameterratiofor speci~ied~.
valuesof theradius-thicknessratioandforgiven
elasticproperties(references3, ~, and.6). Whenthe
higher-ordertermsareomittedi’romtheequations’and
therequirementof an in$egralnumberof circumferential
wavesisremoved,newparameterscanbe introduced”wj~ich
combinethecylinderdimensionsandmaterialproperties.
in sucha way thattheresultscanbe givenin termsof.
a singlecurve.Theseparametershavebeenused,with
slightvariationsin detail,.by Donnell,Kromm,Leggett,
andRedshaw(references~ and7 to 10). Theomissionof
thehigher-ordertermsalsogreatlysimplifies~hecal-
culations,andthecalculationsarestiplestif Donnellls
equation,ratherthanthesetofthreesimultaneousequa-
tions,is employed.,tinnell~sequation,or an equivalent

m equatiohmaytlnerefofiebe presumedto”bethemostprom-
isingforusein solving.hi’thertounsolvedpPohlemsin
thestabilify-df“,cylin&ical,shells.

.
In spiteof thefactthati~”was:ititroduced.sorle’

time,ago~Donnell~s.equationhas:.hot:achievedthe-wide
ac,cep,t.an’ceforuse in”’thestabilttyantilys”isof cylin-
dricalshellswhichit appearsto.r,eri~.*me investi-
gatorshavecontinuedtouse simultaneousdifferential
equationsinwhichhigher~orderterm~“ap?je”ar,-presumably
on theassumption“thattheerrorsarisingfromneglect
of’thesetermsmightbe undesirably“large.Others~have
droppedsecond-orderte~s.put-.havqcohtinuedtoemploy
simultaneousequations,prdbabtiyin orderto sp-~cif-y
directlyedge-restraintconditionshavin-g-”to &-with
displacementsin the,qxialapdc~rcumferentialdirections,
whichcannotb,e””do~me”withIDnnelllsequation.

., ,. .
Thepurposesof thepresentp&perareto establi&

theaccuracyof theequationby comparingthere-suits
foundby theuseof Donnell?sequationwiththeresults‘
foundby otha’methodsakdwithexperimentalresultsand
to investigatethequestion,,ofboundary,conditionson u
and V. Theadditional‘purposeis achievedof presenting
thesolutionsof a numberof”problemsconcernedwith
bucklingof cylinderswithsimplysupported-edgeson the
basisof a unifiedviewpointandin a convenientfomn
forpracticaluse. Inref6rbncol’Donnellfsequationts
modifiedtofacilitatesolutionofproblemsconccrncd--”-.”
withshol..ls.ba,vingclampededges. J

.—. ___ . . .
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SYMBOLS

lengthof cw.rvedpanela

b widthof curvedpanel

d diameterof cylinder

integersm, n

lateralpressureP

radiusof cylindricalshellr

t’ thicknessof.cylindricalshell

displacementin axial(x-)directionof p~int
on shellmediansurface

u’
. .

displacementin circumferential(y-)direction
ofpointon shellmediansurface

v

w displacementin radialdirectionofpointon
shellmediansurface;positiveoutward

axialcoordinatex

circumferentialcoordinateY

4nn?%n.n;>.
Cmn$dimJ
ks

numericalcoefficients

‘( TtL2shear-stresscoefficient— forcylinderor
D%7tb2— forinfinitelylongcurvedstrip

Dm2

(

)
cxtL2

axialcompressive-stresscoefficient
axtb2. ?

forcylinderor — forhfin.ltelylow
\ D112 h

kx

)curvedstrip

circpferentialcompressive-stresscoefficient m
u tL2

(
_ forcylinderor

GT%Q2
—- forinfinitely

~2

)

D#
longcurvedstrip

..
r



CP ()prL2hydrostatic-pressurecoefficient—~m2

5

‘o amplitudeof deflectionfunction
.— ,

D plateflexuralstiffnessperunitlength

E Young?smodulus -

F. Airyfsstressfunctionforthemediansurface
.—

stressesproducedby thebuckledeformation

L lengthof

z curvature

or #
—
rt

cylinder

‘ (:~forcY,~.d’=parsmeter

F- for‘nfinite~y10ngCwved

.

strip
)

LA forcylinderor b~ forinfinitelylong
curvedstrip —-.

halfwavelengthof buckles;measuredcircumfer-
entiallyin cylindersandaxiallyin infinitely
longcurvedstrips ,.

dimensionlessaxialcoordinate(x@)

dimensionlessci.rcmw~erentialcoordinate(y/b”)””‘“““.,
Poisson:sratio . .
appliedshearstress -.

appliedaxialstress,positiveforcompression

appliedcircumferentialstress,positive~or
compression .
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BUCKLINGSTRESSESOF CYLINDERSWITHSIMPLYSUPPORTEDEMES

Lateralpressure.-Thetheoryforthelateralpres-
sure(uniformexternalpressureapp”liedtowallsonly)
at whicha cylinderwillbuckleIs givenin appendixB
inwhichit-isassumedthatthelateralpressurecauses
thebucklingby producinga circumferentialstress‘Y
andthatitaffectst-hebucklinginno otherway. The
resultsareshownin a logarithmicplotin figure1. The
ordinatein this~igureis thestresscoefficientky
whichappearsin theflat-platebucklingequatton(see,
forexample,reference4, p.339)

—
. .

—1

—

—
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(Thediscussiongivenin thesectionof the-presentpaper
entitledltParaqetersAppearingin BucklingCurvesifshows
therelationshipbetweena cylinderof length L andan
infinitelylongflatplate.of width b = L.) Theabscissa

maytie.rqgqrdedeitheras a measureof thecurvature,or,
f’oranygivenratioof radiusto thickness,as a measure
of thelength-radiusratioof thecylinder.Figure1
showsthatforsmallcurvatureky approachesthevalue.k~
whichappliesin thecaseof sigplysupportedlongflat
platesin longitudinalcompression(referenceh, P. 527’).
As thecurvatureparameterZ increases,thestresscoef-
ficientky alsoincreases.For largevaluesof Z,
thecurveapproachesa straightlineof slope1/2. This””““-
straightlineis expressedby theformula

.,

- 1.04:/2‘Y -.,

As thelength-radiusratioincreases,fora given
valueof r\t, thenumberof circumferentialwaves n
diminishes.Althoughn mustbe aninteger,thecurves
of figure1 wereobtainedon theassumptionthat n is
freetovarycontinuously;Onlysmallconservative
errorsareinvolvedin thisassumption.Becausen = 1
correspondsmerelyto a lateraldl’splacementof theentire
circularcrosssection,the@nimum valueof n is 2,
whichcorrespondsto deformationof thesectionintoan
ellipse.Thislimitationon n. resultstisplitt&g-
thecurve of figure1 intoa numberof curvesforU.f- “..” .“-_
ferentvaluesOr r/t when Z becomes“large.Thick-
walledcylindersmay reach n = 2 atmoderatelengths,
butthin-walledcylindersreach n = 2 onlywhenmuch
longerthantheyarelikeljto be inpracticalconstruc-

—.

tion.

In,figure2 thecurveof figure1 is comparedwith
resultsbasedonmorecomplicatedcalculationsgivenin
reference~ andinreference6.-At fairlylargeval-u-ei



of Z theresultsgiven&nreferencek andinrei?er-
ence6 arein goodagreement.withtheresultsof the
presentpaper. At smallvalues“~f Z the curve based
on reference,k”(Timoshenko)is definitelytoolow,
becauseky shouldapproachtheflat-~latevalueof &
as Z approacheszero. An interestingfeatureof the
comparisonZs thatonecalculationgivesresultsbelow,
andtheothercalculationresults&bove,thosegiven
herein.‘Thetes%data,takenfromreference6, arein
reasonableagreementwithandshowmorescatterthanthe
theoretical

In the.
requirement
that n2>>
erroris to

curves.

caseof cylindersso longthat n = 2, the
forthevalidityof Donnell?sequation
1 is no longersatisfiedandappreciable
be expected.Indeeditmay be shownthatfor

verylongcylinderswhen ,n= 2 I!onnellJsequation
.gltiesLD/fi3as thecri’ticalvalueof the apnlied
lateralprf3s9ure,whereastheacceptedtheore~icalre”sult
is 513~r5(byuseof tineformulagivenon p. 4,50of
reference4). T&e curvesfor n = 2 willprobablynot
oftenbe needed,however,sincetheyapply‘only when
(g)2> (@ which,in the-caseof thincylinders
correspondst: a verylargelength-radiusratio,andif
needed,thecurvesfor n = 2 canbe appliedin con-
junctionwitha correction.f’actor0.75.

Axial,compression.-Thetheoryfortheaxialstress.
at-whicha cylinderwillbuckleis givenin appendixB,
andtheresultsareshownin’figure3. Theordinateis.
analogousto,andtiaeabscfssa.identicalwith~thecorre-
spondingcoordinatesused’infigure1. FigureJ stiws
thatforsmallvaluesof’Z, kx approachesthevalue1,
whichappliesin.thecaseof-longflatplatesin trans-
versecompressionwithlongedgessimplysupported _
(reference4.) , Forlargevaluesof Z, thecurve
becomesa straight”line.of,slope.l;T&s sbraightllne
is expressedby thefom”ula,

. “.i
,

.

.— . .-—

m

.

kx = ~fiz = t).~02z
l+=:’

,.

r
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For any,-~ixe~v~lueof r/t somevalueof Z always
existsabove,vhichL/r is so largethatthecylinder
,failsas an E~lerstrutratherthanby bucklingof the

. cylinderwalls. Pin-endeUEulerbuckltngof cylinders
is indicatedM figure3 by meansof dqshedcurves? -—

ThereSILltjustgivenfor thecritical~stresscoef-
fld.entfor~Lcylinderin axialcompressionleadsto the
followingexpressionfortb.ecriticalstress:

“X=ti: (1)

,. . . ,

Thevaluegivenin equation(1)for thecriticalstress
of a moderatelylongcylinderin sxialcompressionby
useof Dozmelltsequationis identicalwiththevalue
foundby :*numberof investigatorsusingotherequations
as..startingpoints(references2 to 4.).In thecaseof
cylindersunder:axialcompressiontheerrorsinvolved
in droppingthesecond-ordertermsare thereforecon-
cludedtobe small.

Thebucklingstressesgivenby equation(1)are
neverthelessin seriousdisagreementwiththebuckling
stressesobtainedby experiment(reference11). Fora
discussionofthe degreeof correlationthatcanbe fouqd
betweentheoryandexperimentfor cylindersunderaxial
compression,se8reference12.

Hydrostaticpressureon closedcylinders.-When
closedcylindersaresubjecbed,to externalpressure,both
axialandcircumferentialstressarepresent.Thetheory” “
forbucklingunderthesecombinedloadsis givenin
appendixB. Theresultsareshown-infigureL. The
ordinate~p used in thisfigureis a nondimensional
measureof thepressurep definedas follows:

‘= prL2
. CP .-

n2D
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The coefficientCp 1canbgdirectly”relatedto the . - —
correspondingstresscoefficients”kx.and ky. By
definition ‘ ,,.. -----

,,, ..,”....
!., .. UytL2 .-

ky
;.

.. ’27 :“ ‘ .“ ‘:”.“’ - “-’
and,accordingto thehoop-stressformula, ,

“It
is
to

. .

.-

,, .

followsfromthethreepreceding”equ”at’ionithat C~”~
numericallyequalto

~.
‘Y“ Silail.arly ,Cp.canbe shbwn

be niinericallyequalto”2kx.
..... .

At lowvaluesof’Z, CP approaches’““thevalue2, ‘
whichimpliesthat kx = 1 &nd ky = 2. Thatthese
valueso*k represent““acritical.combinationof,stresses
foraninfinitelylongflatplatewas shown‘~ r&fer-
ence13. At “largevaluesof Z, thecurveapproaches
thecurvegiveninfigure1 forbucklingunderlateral
Pressurealoneand,likethatcurve,hasbranches
representingbucklingintotwocircumferentialwaves.

In figure~ thecomputedvaluqsof thepressyre
c~efficie~tCp at whichthecylinderwoul.d.buckle,if,-.
onlythe-axialpr6ssurewereacting“and”-if%nly-lateral
pressurewereactingarecomparedwiththebesu”ltswhen
bothareactingbecauseotihytiostaticpressure.“At
largevaluesof Z the‘circumferentialstressatwhich
bucklingoccursunderhydrostaticpre~surqIs substan-
tiallythesameas itwouldbe ifno axial‘stresswere
present,as in thecaseof lateralpressure.Thereason
thatthecircumferentialstressappearsas themainfactor
inbucklingathighvaluesof Z prestiablyis thatat
thesevaluesof Z theaxialstressrequiredto produce
bucklingismanytimesthecircumferentialstressrequired,
whereasunderhydrostaticpressuretheaxialstress
actuallypresentisonlyone-halfthecircumferential
stress.

.

.—.
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In figure6 thecurveof figure~ is comparedwith
curvesrepresentingSturm?stheoreticalresults-(refer-
ence6) andwitha curvebased‘Onthef“ollotiingformula
developedat theU. S. Ex~erimentalModelBasin(refer-
ence4, equation(9)]:

2.42E
P=

(l-w )
~ 3/4

Thisformulais an approximat~onbasedon theoretical
resultsobtainedby vonlJises(reference,4.,p. 4.79)which
areidenticalwiththeresultsin thepresentpaperfor. bucklingunderhydrostaticpressure.Figure6 showsthat
Sturm”’stheoreticalresults(reference6) areIn reasonable
agreementwiththoseof’thepresentpaperandthatthe..” formulafromtheU. S. Experimental?io’delBasinpracti-
callycoincideswiththepresentres@ts ‘exceptat very. lowvaluesOr z.

Testresultsfromreferences6 and1,4areincluded
in figure6. Thetestdataarein gooda~eementwith
thetheoreticalresultsexceptat lowvaluesof the
curvatureparameterZ at whichthetheoretical”results
areappreciablyabovethoseobtainedexperimentally.A
possibleexplanationof thediscrepancybetweenthe
theoreticalandexperimental.”result.satlow ,curvatureis

. suggestedby therelativeimportanceof axialandcirctun--
ferentialstressin causingbuckling.Theaxialstress
becomesitiportantonlyat lowvaluesof tihe.curvatu.re.
parameterZ. It isknownexper~entallythatbuckling
undersxialstressesmay occurfarbelow-tinetheoretical
valueof thecriticalstress.At lowvaluesof .Z
cylindersunderhydrostaticpressuremay thereforebe
expectedtobucklewellbelowthetheoreticalcritical““
loadjustas cylindersdo underaxialcompression.

Torsion.-~e problemof the..aeterminqtionofthe
buckllngstressesof cylindersin torsionwassol”vedby
Dmnell (reference5)whogavean approximatesolutiion
of theequationof equilibrium.A somehhatmoreaccurate
solutionof thisequationisgiven-inreference.15. _!l@e

. .

“—

-:

-.

.-



12 NACATN No.1341

I
i

.

essentialresultsareshownin figure7 takenfromrefer-
ence15. At lowvaluesof Z thebuckling-stresscoeffi-
cient k~ approachesthevalue5.34appropriateto
inflni’telylongflatplatesloadedin shear(reference16).
At highervaluesof Z thecurveapp?xxachesa straight
linegiven by

.

ks = o.85z3/4

At veryhighvaluesof’thecurvaturepar~e.terthecurve
s~litsup intoa number.ofothercvrves,dependingon the
valueof r/t. Thecurvesforvariousr/t valuesat
highvaluesof Z..,representbucklingintotwocircum-
ferentialwaves. Asmentionedbefore,InnnellTsequation
is:notreliablefor thecase n = 2 (a casewhichoccurs

(Y>‘a A‘“’utionfor”cyli.ndersin torsionwhen
forthis”casegivenby Schwerin’ahddiscu6sedin refer-
endb5 results.incritical.stressesabout20 percent
belowthokeof thepresentpaper. BecauseSchwerin!s
solutiondoesnotsatisfytheconditionw = O titthe
endof thecylinder,however,it is probablethatthe
errorin‘the-presentsolution”for n =.2 is losst-n
20 per’cen,t. ,,.

.

. .

—

In’experimentali:nvesti’gationsof cylindersin .
tursionthemaximumratherthanthecriticalloadshave
usuallybeenreported.‘EecAuse.t@pemaximumloads
usuallyexceedthecriticalloadsby onlya small?nargin~
i.tis commonpractice.tobhecktheoreticalbuckling
stressesby comparisonwith-theaveragestressesat
maximumload. Sucha comparisonisprovidedin figure8
~hichincorporatestestdatafromreferences5, 11,17,
tid180 Forthisfigurethetestresultsaverageabout
15percentbelowt~se givenby.theory.

‘DISCUSS1.ON‘“ —

. . . .

“Parametersappearing,inbuckling,curves.-Thefact
tliat buckling of a cylindqrunderaxialcompression,
lateralpressure,hydrostatic.pressure,or torsion

.

involve-s“substantiallythestieparametersisnota mere
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coincidencebutis a directconsequenceof thedifferential -
equation.Thedifferentialequationimpliesthatwhenthe
requirementof an integralni.unberof circumferentialwaves
is removedthesix’variablesL, r, t, E, v, andthe
loadmaybe combinedintotwonondimensionalparameters,
one (kx, ky, k~, or Cp) describingthestresscOndi-
tion,andtheother (Z) essentiallydeterminedby the

—

geometry.(SeeappendixC.) It is alsoshownin appentiC
thatthebucklingof a curvedrectangularplateof any
givenlength-widthratiomaybe representedin ternsof
theseparameters.Thecriticalstres?of a cylinderor
a curvedplateof givenlength-widthratiomay therefore
begivenby a singlecurverelatingthetwoparameters
providedthatthenumberof circumferentialwavesmaybe ‘“
regardedas continuouslyvariable.Thisrestriction
becomesimportantat verylargevaluesof Z, “forwhich
thecurvesmay splitintoa’number_ofcurve”s-fo’rcylfn~efis
of differentvaluesof x’\tbucklingintotwocircum-. ferentialwaves.

Exceptfor.hydrostaticpressure,each‘typeof loading. consideredresultsina singleunif’ormstressin the
cylinder,andthenondimensionalparameterk describing_, _
thisstressis definedas followsinanalogyto the
parameterusedin describingthebucklingof a flatplate:

. —-

k=
0 (orT)

~2~

L2t .-

As theradiusof thecylinderincreasestowardinfinity
(theotherdimensions.remaintngconstant), thecylind~r
approachesan infinitelylongflatplateof thes“-&ne
thicknessas the”cylinder,havinga width‘b equalto,
thelength L of thecylinder.Accordingly,as the
radiusapproachesinfinity,thecritical-stresscoef- ““
ficientk forthecylinderapproachesthevalueof the
correspondingstresscoefficientforan infinitelylong”
flat plateundertheappropriateloadingcondition~__.’

Theothernondimensionalpar~eter”Z i~.”defined.
by theequation ,-
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. .

If the~~allcorrectiondueto Poisson~sratiois
neglected,a directphysicalsign~icancecanbe as’sf&ed
to Z when,itsmagnitudeis small.Themaximm.distance
froma slight:ycurvedarcof lengthL andTa@ius r
to itschordckinbe shownto be given.by theexpres-
sion L2/8r,whichis calledthe‘rbuIgeltby somewriters
(sqereferences9 and10). Accordingly,-in thecaseof
a curvedstripof lbfigth’L in thecircumferentialdirec-
tion,L2\8rt is thebulgedividedby thethicknessand
is thusa riondtmens.ionalmeasure”ofthedeviation.from
~latnessof thestrip.As appliedtoa shortcylinder,
L2/8rt.listhedeviationfromflatnessof a squarepanel
of tlie”cylin-der,“eachsideof whi~his equalto thelength
ot,thec.yltnder.Forcylindershavinga.lengthgreater
thtia’f’e,w“tenthsof thediameter,theparameter.Z
l.o~eq.thissimplephysicalsignuicanceandis perhaps
bestregardedas a“nondimensionalmeasureof the”length
of thecylinder.Someindicationof thevarietyof
cylindershapescorrespondingtoa fixedvalueof’Z
isgiveninfigure9. . .

.

.

.

,.

-.

Boundaryconditions.-Wk&nproblemsin thestability
Of cylindricalshel1s aresolvedby theuseof Dcmnellls
equation,boundaryconditionson u and v cannotbe
imposeddirectlybecauseonly w appeapsin ijheequa-
tions.The.methodof solution,however,may in somecase:
implyboundaryconditionson u or v. In appendixD
it is shownthatfor,simply.su~ortedcylindersthemethod
usedIn thepresent~aper“(asolu,tio.nusingoneormore
termsof a Fourierseriessatisfying’theboundary“condi-
tionsan w .~termby term)impliesthatatb,othendsof
thecylinderthe.circumferential~spla”cementv is
zero,‘but“thatthecylinderedgesarefreeto warpin
the.axi,aldirection(u#o). Fora si,mplysupported
rectangularcurvedpanel,thepresentmethod$mplies
(with”regardto displacementswith’inthepanelmedian
surface)zerodisplacementalongthefouredgesof the
panel.andf%e~warpingnormalto theedges.Theseedge
conditionson u and v areappropriateto cylinders
or panelsboundedby lightbulkheadsor deepstiffeners
whicharestiff’in theirownplanesbutmaybe-readily
warpedoutof theirplanes.

●
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Relativelyfewcalculationsof the stabilityof a
cylindertakeintoaccounttheboundaryconditionson u
and v* A calculationforthecaseof torsion,however,
wasrecentlymadeby Leggett(reference19). Theresults
of thiscalculation,computedfor ‘u= v = O at the
edgesof thecylinder,aregivenonlyfor z < 50.
Throughouttherangeforwhfch-theyaregiven,however,
theyagreeverycloselywiththeresultsfoundby the
methodemployedin thepresentpaper,whichimpiiesthat
at theedgeof thecyltnderv = C) and u # O. Restraining
theendsof thecylinderfromwarpingin theaxialdirec-
tionmay thereforebe assumedtohavea negligibleeffect
uponthebucklingstress.Thisassumptionreceives
addedsupportfror.,theform of theequationof equilibrium
giveninappendixA

In this

presentjust.b.eforebuckling

.

and ~ arethe stresses
-.

.d fi iS theCil’CUlll-
1-2

ferentialstressproducedby thebucklingitself.The
equationindicatesthattheonlydifferencebetweenth6
bucklingbehaviorof a cylindricalsheetaid thatofa
flatplate-(found,by omittingthelast~errnIn t_he__?OrO______. ___
go%ngequation)is dueto theeffectof thecircum- ‘
ferentialstressescausedby thebucklingdeformations..
Becausetherestraintagainstwarpingin theaxialdirect-
ion requirestheapplicationof axialratherthancircum-
ferentialstresses,this’restraintmightbe ewectedto “ ‘h-
ave onlysmalleffectson bucklingstresses.Circum-
ferentialstresseswouldhavetobe appliedto tine
straightsidesof a curvedstripto preventwarpingnormhl
to theseedgesduringbuckling.Becausethecircumf-
erentialstress”dueto bucklingappearsexplicitly“b
theequationof equilibrium,theimpositionof the
restraintv = O to thest.raig~tsidesof a panelshould
havean appreciable.pffecton thebucklingstress(except
whenthestraightsidesof thepanelare shortcompared
with”thecurvedsides).

—

Theoreticalresultson thebucklingof curvedstrips
infinitelylongi.ntheaxialdirectionareavailableto
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test theforogotngconclusion. In figuro10 thecritf.cal
axialcompressivestressforan infinitelylon~curved

.

stripwith u and v bothzeroalongtheedges(refer-.
ence9) is comparedwiththecriticalaxialcompressive
stresswhen u is zeroalon~theedges,andtheedges
arefreetowarpIn thecirc~erentialdirection.(See
appendti,B forsolution.) Thecriticalaxialstressis
appreciablyincreasedby theconstr~nt v = O in a
certainrangeof smallcurvature, Infigure11 the
criticalshear.stressesarecomparedunderthesamesets
of edgeconditions(references7 and8). Thecritical
shearstressis conspicuouslyincreasedby thecon-
straintv = O exceptnearthelimitingcaseof flat
plates. .!

It appearsfromtheforegoingdiqcusstonthat.the
effecton thebucklingstressesofpreventingfreewarptng
normalto thecurvede.dgasof a cylinderor panel.1s very
small butthattheeffect‘onthe bucklingstressesof’a
similarrestrainton thestraightedgesof a panelmay v
be quiteimportant.

SimplicityOrresults.-
.

Thetheoreticalresults
basedon IXnnell~s’equationforthecriticalstresses of
cylindersundera givenloadingconditionappearpar-
ticularlysimplewhenpresentedas a logarithmicplotof

—

bucklingcoefficientk againstthecurvatureparameter2!.
As r approaches,infinity,andthereforeas Z approaches
zero, k approachesth=valueappropriateto a &lat
plate. At largevaluesof Z thecurvsapproacheda
straightlinein eachof thecasesinvestigated.These
straightlineshad slopes0.5,0.75,and1, andaregiven
approxhuatelyby thefollowingequationswhichhave
alreadybeengiveninthepresentpaper‘andarereassembled
hereandprovidedwithupperandlowerltiitsforeasy
reference:

?./2
‘Y = 1.04Z lof==(:y-(d ‘--

.

. . .
a

m



~ese equationscanalsobe written(when y is taken
to-be0.316J

OY-=0.926 ~‘t@jjl/2= o.926~-)3’2(~ ~oo;<(;)2<5~

T= 0.747 E$~+)’h = Os747E@5A($A @:< (;)2< mij)

crx=0,6@ ‘—t
r.

CONCLUDINGREMARKS.

Theuseof-Donnelltsequationto findthe”buckling
stressesof cylindrical.she~lsleadstosimpler.result~
andInvolveslesslaborthantheuseof equationsin
whichsecond-orderterm areretained,Thebuckling
stressesfoundby useofDonnelllsequationarein
reasonableagreementwithresultsbasedon othertheo-
reticalcalculations.Exce2tforthecaseof axial
loadirig,theyare alsoi.nreasonableagreementwithtest
results.

Boundaryconditionshavingto do withaxialand
circumferentialdisplacementscannotbe handleddirectly
by useof Donnell~sequation.Thisdisadvantageis not
consideredserious,however,becausetheboundarycondi-
tionson axialandcircumferentialdisplacement,which
areimpliedby thesimplesolutionsgiven,correspond
approximatelyto thosethataremostlikelyto occurin
practicalconstructionandbecauseIn manycases the
bucklingstressis notverysensitiveto theseboundary
conditions.

. LangleyMemorialAeronauticalLaboratory
lTationalAdvisoryConwitteeforAeronautics

LangleyField,Va., FIarch20,1947.
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APPENDIXA -

SIMPLIFIEDEQUATZONSOF EQUILIBRIUMFOR

CYLINDRICALSHELLS

Theorincipalsetsoi’simplifiedequationscurrently
inusefor theequilibriumof cylindricalshellsare
liStedfOrconvenientreference me varioussetsof’

equationsareequivalent.The-referencepapersin which
theequationsarederivedarealsolisted.Theequations
givenaregenerallynot identicalwiththoseIn therefer-
encepapers but..aremodifiedin certainrespectsto
includealltheloadingconditionsstutiedin thepresent
paper’ortoput themin thenatati.onof thepresentpaper.

Thethreefollowingsimultaneousequationsin dis-
placementsU, an-dw (reference~) arederivedfrom
theconditionso~’staticequilibrium:

D#w -i-

(A2)

1

-.
.

.

.

Twosimultaneousequabionsin deflectionw and
functionF (reference7) areas follows:

!!

*

(A3)

stress
.

(M)

(A5)

“
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A stngleequation
reference5) is

DV8W+Et dw——+trj4

r2 ~x4

Therelationships

19

in deflectionw (Dmnell’sequation,

betweenu and w andbetweenv
and w are(reference5)

. . .

.
,.

. .

. .,. :“” . . . . .
. .

., ,,

(A6)

(A7)

(A8)

..—
—
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APPENDIXB

THEORETICALSOLUTIONS

DonneU~sequationfortheequilibriumof cylindrical
shellsis usedto investigatethestabilityof simply
supportedcylinderssub.lectto lateralpressure,axial
co;pression~andhydros~aticpressure,&ndof ~mply
supportedcurvedstripslongin the axialdirection
subjectto axialcompression.

CylinderunderLateralPressure

If-bendingof thecylinderwallis neglected,
constantlateralpressureon a cylindercausesonly
circur-ferentialstresses.
tion(A6))thenreducesto

Donneilfsequation(equ~-

where

Q’

‘Y= t

.

1

iI

—

.

(Bl) -.

.-

and p is the ressureapplied.
Y

(Theterm V4p appearing
in equation(A6 is zerowhen P is constant.) Division —
of
in

equation(Bl)by D results;withpropersubstitutions
thefollowingequation:

Theboundaryconditi.onscorrespondingto simplysu ported
.

edges(nodeflectionandnomomentalongtheedgesT are
.
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J
W(OSY) = w(,Ljy) = O

av— (o, y) =b‘2W—(L, Y)=CI
ax2 &2

A solutionof equation(B2)satisfyingtheboundarycondi-
tionsforsimplesupportis

(B3) -.
. ,

where h ts thehalfwavelengthin thecircumferential
direction.. Combiningequation(B3)andequation(B2)
yields’thefollowingequation:

(.2 —-+ ~2}4+ L&m4
IA

~yP’2(# +p+ ()

.

Thesolutionof equation(B4)for ‘Y ‘s

,y=L?.&.r+ 12z2m4

P2 J%%2+ pz)z

where

(B5)

A.

Thecriticalvaluefor ‘Y is foundby-mi@nizingthe
right-handsideof equation(B5)witlnrespectto m
and.(3.If thenumeratoranddenominatorof thelast

k ‘.itbe~me~term.inequation(B~)aredivided,.bym ,
evidentthatundertherestrictionof integralvalues

.
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of’m, ‘Y willbe a ml.nimnmn
thereforebecomes

.

NAcATN No*1341
.

Iwhen m = 1. Equation(B5)

12Z2

49.2(1+ @)2 (B6)

.

Theresultsfoundby minimizingthisexpressionfor ‘Ywithrespectto @ (consideredcontinuouslyvariable)
is showninfigure1 by thecurveindependent01 r/t.

At lowvaluesof Z, bucklingis characterizedby
a largenumberof circumferentialwaves. As Z increases,
thenumberof circumferentialwavesdecreasesuntilit

finallybecomestwo
(’= ?), correspondingtobuckling

intoan ellipticalcr~sssection.The curves forbuckling
intotwocircumferentialwavesare showninfigure1 as

thecurvesforvariousvaluesof ~ ii- IF. Theequa-
IJ

tionsforthesecurvesarefoundby substitutingIn equa-
tion(B5)thelastof thefollowingexpressionsfor pz

CylinderinAxialCompression

Whenonlyaxialstressispresent,equation(A6)
becomes

Divisionby D results,
thefollowing.equStion:.

(B7)

. . .

withpropersubstitutions,in

.

m

r,.
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.

.

“V8w+12Z2#k+k 5v4&v=o—.
Lk dx4 x L2 ~x2

(B8)

Combinationof’thedeflectionequation(B3)withequa-
tion(B8)yieldsthefollowingequation:

Thesolutionof equation(B9)for ~ is

, .G5t_w+
x m2

Thecriticalvalueof kx
maybe foundbyminimizingkx
parsmeter

122%2

# (m2 + p2)2

fora givenvalueof Z
withrespectto the

,. -..
~m2+ ~2)2 \ ..—.. “=---:----

m2

“Ifno restrictionsareplacedon thevaluethatthis
~parametercantake,theminimumvalueof kx isfound
tobe

kx = 4V7 = O.?ozz
I?z

(B1O) .

whichcoincideswiththeresultsgenerallygivenforthe
bucklingof longcylinders. -
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For valuesof Z belowz.85,however,thestraight-
lineformula(equation(BIO))cannotbe used,sinceit
implieseitherImaginaryvaluesof’ thecircumferentl.al
wavelengthA or thenumberof axialhal~waves m
belowunity. Thecriticalstresscoefficientkx for
Z < 2.85 is foundby substitutingthelimitingvalues
@ =Oant!m = 1 in equation(B9). Theresultsare
showninfighr6’3’.’

. i

—,
1I

,
I

Cylinder.,underHydrostaticPressure

Hydrostaticpressureappliedtoa closedcylinder
producesthefollowingaxialandcircumferentialstresses:

(7X =
~

,. 2t,”,.. ,,.,..,,... .

G .22y t

Theequationof equilibrium(equation(A6))whenboth
circumferentialandaxialstressarepresentis
v4p= o) . ... .

Et #llV 4 hzw@lV+atv ~=DV8Wi-——+ @v-
r2 ~x4 ~x2 Y ~

By useof thedefinition

prL2. CP = -Dn2”

equation(Bll)canbe written

(since

1
I
1.

.

,

.

.

(B12)

I

,



If thedeflectionequation(equation(B~))is combined
withequation(B12),thefollowingexpressionresults
for Cp:

(m2+ p2)2 12Z2m4
CP =

*2
>+B2 + ‘(m2 + ‘2’2@ ‘ ‘2) ‘B”) ‘-

Thecriticalvalueof CP is roundbyminimizingthe
right-handsideof’equation(3315)withrespectto ‘m
=d P, withdueregardto thevalueswhich m and ~
may assume.It canbe shownthattheminimumvalueof CF
is foundbytakingm equalto 1, so thatequation(B13)
becomes

~p = (: +(32)2 12Z2

*+P2 + A (1+ py
($+ ‘2) (B:)

Equation(B14)is equivalentto an equationderIvedby
vonMises(reference~, p. 479). Theresultsof_mini-
mizing ‘P withrespectto @ are shownin figure~.

r(Thecuves givenfor,variousvaluesof ~ 1 - V2 have
thesame
buckling

*
):

si.gnlficanceas in thecaseof a-cylinder
underlateralpressurealone.)

LongCurvedStripin AxialCompression

Becauseitmerelydescribesequilibriumat a point,
equation(Bl)appliesto thebucklingof a longcurved
stripas wellas to cylinderbuckling.Inmodifyingthis —.

“ equation toobtainnondimensionalcoefficientsas in
equation(B2),however,it is convenientto definekx
and Z in termsof thewidthof thestrip b rather
thanin termsof thesxiallength L, whichappliedin
thecaseof thecylinder.Accordingly,equations(Bl)
and (B2)fora cylinderin axialcmprqssionmaybe
appliedalsoto thebucklingof a curvedstrip,longin

0
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direction,subjectedto axialcompression,pro-
ourvedwidth b is everywheresul--stitucedfor
length L. SubstitutionoP--thedeflection

.

l-ix nn’yw=wosin —sin —
L b

intoequation(B2)(modifiedby substitution
for L) giV?S

(n2+ 22)2 12z2p2
kx =

P2 ‘J@. @~)2

where

or

Equation(B15)is’verysimilarto equation(B5)and
eachequationyieldsthesamecriticalvaluefor kx at
largevaluesof’Z. At smallvaluesof’z, theminimum
valueof .kx isfoundby takingn = 1 in equation(B15)
andminimizingwithrespectto @ theresultingexpres-
sionfor kx. TheresultsaregivenInfigure10 together
withresultsf’oundby Leggett(reference9).

*

i

1

m
1I

I
m

.
–i

m

.,
m

,
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PARAMETERS

It is shownthaflbnnell~sequationimpliesthat
undercertainltiitationsthebucklingcoefficientk,
familiarfromflat-platetheory,canbe expressedin
termsof thecurvatureparamet& Z alonein thecase
of a completecylinderor a curvadrectangularpanelof
givenlength-widthratio.

Ihnnelllsequation(A6)is (when p is constantor
zero) .

Let

x-=
b ~

Y-=
b ‘m

and

Then

Multiplicationof equation(Cl)by @ andsubstitution
of thedimensionlesscoordinates~ and ~ gives
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Divisionby D resultsin

E@
or,since D = .“

12(1- ~2)’

where

@b2 ‘
kx=—

~2

Ttb2k~=—
~m2

.

.

.

—

.—

.

EvenwithoutsolvingthisequationitiS clearthat w
mustbe a functionof theindependentvariablesg and T,

r



.
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andalsotheparametersZ; kx, ks, and ky, andthe
derivatives’of w willbe functionsof thesamevariables
andparameters.Thus,if onlyone typeof loading
(representedby thebucklingcoefficientk) is present,
equation(C2)maybe mitten

f2(g,q, Z,k) + 12#f2(3,q, z,k} + m2kf@ T, Z, k)=o

(C3)

where fls fz, and f3 aredefinite,thoughunknown,
functions.Thevariablesg and ~ maynowbe eliminated
by integrationot’bothsidesof thisequationoverthe “
entirerangeof ~ and ~. In thecaseof a curvedpanel
of circumferentialdimensiona andsxia.1dimensionb
theresultingequationis

Theintegralsof thefunctionsfl> fz, aid f3
dependonlyupon Z, k, andthevalueor theratio a/b.
Accordingly,equation(C4)impliesthata relationshipof’
thetollowingtypeexists:

4( )
f k, Z, & =~ .

EQuation(C~)indicatesthatforanygivenvalueof the
panelaspectratio a/b, thecritical-stresscoeffi-
cient k dependsonlyupon Z.

If a completecylinderof length L ratherthana
panelof length b isunderconsideration,andthe
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deflectionw is periodicwithwavelength2A
circumferentialcoordinate,theintegration

appearingin equation(C4)maybe replacedby

where g and q arenowdefinedas x/L and
respectively.Theresultthenbecomes

03?

TN No:1341

in the

y/L,

(c6)

Theactualbucklingstressis foundbyminimizingk with
respectto 2A/L.

Theoretically,h mustsatisfytheequation

m? = II?L (cl’)

where n is thenumberof circumferentialwavesand
thereforean integer.Whenmanycircumferentialwaves

.

.

.

I

.

.

——

.

●



arepresent,however,thisrestrictiondoesnotsignifi-
cantlyaffectthebucklingstress,and theminimization

2AOf k withrespectto (considered”continuously
T

variable)leadsto theresult

k-= f’7{Z) (c8)

Equation(c8)indicatesthatprovidedthenumberof circum-
ferentialwavesisnottoosmallthecritical-stresscoef-
ficientfora cylinderdependsforpracticalpur~sesonly
uponthecurvatureparameterZ.

When n is so smallthatitsintegralchsractermust. be tslcenintoaccount,it appearsfPomequations(c6)
and (C7)that k dependsuponlmth Z and r/L. Since,

. however,

k formnal.1valuesof n canalternatively& expressed

in tiermsof Z and ;-, as infigures1,~,
and7.

By a similaranalysis,it canbe shownthatwhenthe
buckltigof a cylinderunderhydrostaticpressu’reis
representedby nlottingthepressure~efficientCp
againstZ, a singlecurve is obtafnedexcept“wherethe
smallnumberof circumferentialwavestiequiressplitting
thecurveintoa seriesof curvesfor differentvalues

-—
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APPENDIXD

1
1

.

.

BOUNDARYConditionsON EDGEDISPLACEMENTS

WITHINTHEMEDIANSURFACE

Thesolutionof ~nnelllseighth-orderpartialdif-
ferentialequationforthe~stabilityof cylindrical.9hel.lS
is notuniqueundertheimpositionof theordinaryboundary
conditionsforshnplysupportedor clampededges.Two
more.boundaryconditionsat eachedge,for exam~~eJ one
conditicnfor u andonefor v, arerequiredto define
‘completelythephysicalproblemandsrethereforeneeded
tomakethesolutionunique.Becauseonly w appearsin
theequation,boundaryconditionson u and v cannot
be imposeddirectly;they-may,however,be impliedby the
methodofsolution.Thepurpose~f t~i~appendixis to
showwhatboundaryconditionson u and v areimplied
by themethod“ofsolution usedin thepresentpaper. In
ordertosimplifythediscussion,theanalysiswillfirst
be madeforthecasewhenonlyaxialcompressionis
presentandwillthenbe extendedtoothercases.

1

Whenonlyaxialstr&s5is present,D3nnell!sequa-
tiion(equatton(A6))becomes

If theshelldescribedby thisequationisa curvedpanel
withtheoriginof coordinatesinonecornerof thepanel,
a solutionsatisfyingtheusualboundaryconditionsfor
simplesupportis

mnx nmyw = w. sin— sin—a b (Dl)

.

where m and n areintegers.Thissolution is also
thesoluttontotheproblemof thebucklingof an infintte
two-dimensionalarrayof panelsidenticalto theoneunder

—
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consideration.(Seefig.12:) Whensuchan arraybuckles,
thedisplacementsu, v, and w aswellas thestressesl
describedbythestressfunctionF, may be presumedto
be periodicovertheinterval2a in the.sxialdirection
and 2b in thecircumferentialdirection.

AnyfunctionU(X,y) thatisperiodic.witha wave
length2a in thex-directionandwitli,a”wavelength2b
in they-directionmaybe
example,reference20):

expandedas follows(see,-for

m=ln=l

m=l n=O

Therelationship
(equation(A7))

whichmustexistbetweenu

.-

—
—

(D2)
.-

smd W iS
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Substitutionintothisequationof’theexpressionsfor u
and w fromequations and (Dl),respectively,and
useof theorthogonalityof thefunctionsin equation(D2)
leadsto theresult

u= mnx
a

Accordingly,theboundtiyconditionson u

U(x, 0}= o

U(X,b) = O

*(a, y)=O

b

are

(D3)

(m)

V(O>y) = o

1

i
,.!

.

.

-,
i
Ii

.—

. .-

(w)

Q#x,o)=o

&x, b)=O

.

1

(D6) “ —

v(a,y) = O

Similarlyby use of equation(A8)insteadof equa-
tion(A7)it canDe shownthattheboundaryconditions
on v are

(w)

(D9)

.

.(m)
.—

.

(D1O)
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Theboundaryconditionsof equations(~), (D6),
(D9), ad (D1O)maybe combinedto givefourboundary
conditionson the stressesinducedby buckling.These
boundarconditions,

J)
whicharealsoderivablefromequa-

tion( by a methodanalogousto thatjustusedto
derivetheconditionsrelatingtn u, are

&2F—(o, y)=o
b72

&F—(a, y)=O
t# ..-

i+%“-(x; b)”=O
6X2

(ml )

(D12)

(D13)

(D4) ‘“

a2Fwhere — and ~ are,respectively,themedian-~y2
surfaceaxialandcircumferentialstressescausedby
buckling.Theeightboundaryconditionsgivenby equa-
tions(D3),(~), (~), (Z$),sndequations(Dll)to (D1-k),
plustheeightboundaryconditionson w forsimple
supportof thefourpaneledgestakentogetheruniquely
determinethebucklingstress.

Althoughthe-precedingdiscussionof boundarycondi-
tionsstartedwiththeassumptionof axialstressonly,
theonlyusemadeof thisassumptionwasinobtaining
equation(Dl)as thesolutionforthebucklingdeformation.
The samedeformation,andhencethesamearguments,apply
whencircumferentialstressispresent.Whenshearis
present,a seriesof termsof the,typein equation(Dl)
mustbeusedtiorepresentthedeflectionsurface,and
henceseriesof termsoccurin theexpressionsfor u,
v, and F. Sincetheboundaryconditionsderivedin
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thepreceding“analysisapplyto eachof’the termsindi-
vidually,by the principleof superpositiontheymust also
applyforthesum,so thatequations(Dll)to (D14)
representtheboundaryconditionnomatterwhatthe
appliadstressesare..

In sumnaryitmaybe statedthatthesubstitution
of oneormoretermsof a double-sine-seriesexpansion
for w intoIbnnelllsequationandsolutionof the
resultingequationforthebucklingstressgivesthe
solutioncorrespondingto thefollowingboundarycondi-
tions:

(1)Eachedgeof thepanel(orcylinder)is simply
supported;thatis, the displacementnormalto the sur-
faceof the paneland the appliedmomentsare zero at
theedges. - .

(2)Motionparallelto eachedgeduringbucklingis
preventedentirely.

(3)Motionnormalto eached&ein theplaneof the
sheetoccursf’reely.

.

m

,

——..- 1!

—

.

.

,.-.

.-

.

.

r ,——
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Figure 2.- Comparison of present solutlon for critical
circumferentle,l-strese coefficients for simply supported
cylinders with other theoretical eolutlons and with test
results. (Tlmo8henito’s solution is from reference 4 and
Sturm’n solution is from reference 6.1
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Figure 4.- Theoretical SolutionforhydrostaticPreBsUre
which simply supported cylinders buckle.
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Figure 5.- Comparison of s,olution~ for buckllng of simply supported
cylinders under hydroatatlc pre8Bure with solutlons for buckling
under axial preeeure alone and lateral pres8ure alone.
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Figure 6.- Comparison of “pre6ent solution for buckllng of Bimply
supported cylinders under hydrostatic pressure with other
theoretical eolutiona and teat results. (Sturm’a solution is
from reference 6 and Windenburg and Trilling’s solution is from
reference 14.)
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Figure 7.- Crltiaal shear-stress coefficients for simp”ly Supported +

cylinders subjected to torsion.
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Figure 8.L Comparison of theoretical solutlon for critical shear
stress of simply supported cylinders in torsion with experimental
ultimate stresses. [Lundquist’s solution is from reference 11,
Donnell’s solution is from reference 5, Moore and Wescoat’B

I solution is from reference, 17, and Bridget, Jerome, and
Voaseller’s solution is from reference 18.)
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Figure 9.- Repreaentative cylindere corresponding to the same value a
of Z (Z about 150).
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Figure 10. - Cornparison of the present solutlon for the buckling
under axial compreBslon of a curved strip infinitive: y long in
the axial dJ.rection, with solut on found by Leggett refetence 9).
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Figure 11. - Comparison of theoretical solutions for the buckling under
shearing stresses of a curved sLrlp infinitely long in the axial
direction. (LeggeLt’s solution is from reference 8 and Kromm’s
solutlon is from reference 7.)
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Figure 12. - Two-dimensional array of identical curved panel B.
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